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Abstract
Let H be a separable infinite dimensional Hilbert space endowed with a symplectic structure and let L0 ⊂ H be a Lagrangian
subspace. Using the results of [A. Abbondandolo, P. Majer, Infinite dimensional Grassmannians, math.AT/0307192], we show that
the Fredholm Lagrangian–GrassmannianFL0 (Λ) has the homotopy type of Gc(L0), the Grassmannian of all Lagrangian subspaces
of H that are compact perturbations of L0. It is well known that the latter has the homotopy type of the quotient U(∞)/O(∞). As
a corollary, we recover a result by B. Booss-Bavnbek and K. Furutani (see [B. Booss-Bavnbek, K. Furutani, Symplectic functional
analysis and spectral invariants, Contemp. Math. 242 (1999) 53–83; K. Furutani, Fredholm–Lagrangian–Grassmannian and the
Maslov index, J. Geom. Phys. 51 (2004) 269–331]) that the L0-Maslov index is an isomorphism between the fundamental group of
FL0 (Λ) and the integers.
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1. Introduction
Let H be a separable infinite dimensional Hilbert space endowed with a symplectic structure, that is, there exists a
bounded operator J in H such that J 2 = −I and J ∗ = −J , which defines a symplectic form ω by ω(· , ·) = 〈J · , ·〉.
The space Λ of all Lagrangian subspaces in H admits a structure of real-analytic contractible Banach manifold, so
uninteresting from the topological viewpoint. To obtain a space with nontrivial topology, one considers L0 ∈ Λ and
the space FL0(Λ) of all L ∈ Λ such that (L,L0) is a Fredholm pair. The space FL0(Λ) is an open subset of Λ, so it is
also an analytic Banach manifold.
The geometry and the topology of FL0(Λ) plays a crucial role in several areas of mathematics. Topological invari-
ants of paths in FL0(Λ), like the celebrated Maslov index, are used to compute spectral flows and other invariants in
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classifying spaces for K-theoretical functors, see [2].
In this article, we prove that FL0(Λ) is homotopy equivalent with Gc(L0), the Grassmannian of all Lagrangian
subspaces of H that are compact perturbations of L0. Gc(L0) is a proper subset of FL0(Λ), and it is known that it has
the homotopy type of U(∞)/O(∞).
Several authors have studied the geometry of FL0(Λ) in view to applications to various index theorems. In partic-
ular, the fundamental group of FL0(Λ) is known to be infinite cyclic, and it has been shown that the Maslov index
provides an isomorphism between π1(FL0(Λ)) and Z (see [3,6]). A statement of the result that FL0(Λ) has the ho-
motopy type of U(∞)/O(∞) already appears in the literature (see [9, Theorem 1.2], [10, Theorem 3.15]), but, in fact,
what is really proven is that the result holds true for Gc(L0).
In order to prove the result, we will introduce yet an intermediate space, denoted by Λe, the essential Lagrangian–
Grassmannian, which is defined as the quotient of Λ by the commensurability equivalence relation. Such space is
shown to be the base space of a fiber bundle with total space Λ, and with typical fiber Gc(L0); its topology is therefore
studied in terms of the topology of Gc(L0). The canonical projection π :Λ → Λe restricts to FL0(Λ), defining another
fiber bundle with the same typical fiber but with contractible base, from which the desired result follows easily.
2. Proof of the result
Let us fix some notation. We will denote by PM the orthogonal projection over a closed subspace M ⊂ H. By
L (H) we will mean the space of all bounded operators on H, by GL(H) ⊂L (H) the group of all invertible operators,
and by O(H) ⊂ GL(H) the group of unitary operators. If H is a symplectic space with complex structure J , the
group U(H;J ) consists of elements in O(H) which commute with J . We define GLc(H) = GL(H) ∩ (I + Lc(H)),
Oc(H) = O(H) ∩ (I + Lc(H)) and Uc(H;J ) = U(H;J ) ∩ (I + Lc(H)), where Lc(H) denotes the space of compact
operators in H. We will also consider the groups O(∞) and U(∞), that are defined respectively as the direct limits
lim−→ O(n) and lim−→ U(n); here, one consider the canonical inclusions O(n) ↪→ O(n+1) and U(n) ↪→ U(n+1). We recall
briefly that the inclusion of O(∞) ↪→ U(∞) is obtained by taking the inductive limit of the inclusions O(n) ↪→ U(n);1
observe that for all n, the following diagram is commutative:
O(n) U(n)
O(n + 1) U(n + 1)
Elements in O(∞) can be identified with operators in O(H) that are finite rank perturbations of the identity (see [11]
for all the details).
We begin by studying some properties of compact perturbations of Lagrangians. Given L,L′ ∈ Λ, we say that L′ is a
compact perturbation of L, and we write L′ ∼ L, if the difference PL′ −PL is compact; obviously, ∼ is an equivalence
relation in Λ. The quotient space of this relation is called the essential Grassmannian–Lagrangian and it is denoted
by Λe; this set is endowed with the quotient topology induced by the canonical projection π :Λ → Λe. For L0 ∈ Λ,
we define Gc(L0) as the equivalence class of L0. The topology of Gc(L0) is studied in the next two propositions, whose
statements already appear in the literature (see [9]); for the sake of completeness we give here an independent short
proof.
Lemma 2.1. If K ∈Lc(H) is self-adjoint and K −I then
√
I + K is a compact perturbation of the identity.
Proof. First, assume ‖K‖ < 1. Let 1 +∑∞n=1 anzn be the Taylor series of √1 + z centered at z = 0. Since √1 + z is
analytic for |z| < 1, the series converges uniformly and absolutely in every disc centered at z = 0 and radius 0 < r < 1.
Since ‖K‖ < 1, we have
√
I + K = I +
∞∑
n=1
anK
n = I + K
( ∞∑
n=1
anK
n−1
)
∈ I +Lc(H).
1 The inclusion O(n) ↪→ U(n) is simply the inclusion of real n × n matrices into the set of n × n complex matrices.
2784 J.C.C. Eidam, P. Piccione / Topology and its Applications 153 (2006) 2782–2787In the general case, since K ∈ Lc(H) is self-adjoint, we can write K = K1 + K2 with K1,K2 ∈ Lc(H) self-adjoint,
‖K1‖ < 1, K1K2 = K2K1 = 0 and K2 = ∑Nj=1 cjPj , where |cj | > 1/2 and Pj is an orthogonal projection onto
a finite dimensional subspace. Since
√
I + K2 = I +∑Nj=1 bjPj , where bj = √1 + cj − 1, for j = 1, . . . ,N and
I + K = (I + K1)(I + K2), we have
√
I + K = √I + K1√I + K2 ∈ I +Lc(H). 
An alternative short proof of Lemma 2.1 can be given using the spectral theorem.
Proposition 2.2. The group action
Uc(H;J ) × Gc(L0) → Gc(L0),
(U,L) → U(L) (2.1)
is transitive.
Proof. Let L ∈ Gc(L0); we must find U ∈ Uc(H;J ) such that U(L0) = L. Define T1 = I + (PL − PL0)|L0 =
PL|L0 : L0 → L; since T1 is a Fredholm operator with indT1 = 0, there exists K : L0 → L of finite rank such that
T2 = T1 + K : L0 → L is a linear isomorphism. Setting
T = T2PL0 − JT2JPL⊥0 = I +
(
(PL − PL0) + K
)
PL0 − J
(
(PL − PL0) + K
)
JPL⊥0
,
we have that T ∈ GLc(H), T J = JT and T (L0) = L. This last equality implies that T ∗(L⊥) = L⊥0 , so, since T ∗J =
JT ∗, we have
T ∗(L) = T ∗J (L⊥)= JT ∗(L⊥)= J (L⊥0 )= L0.
In particular, (T ∗T )(L0) = L0. Let S be the unique positive square root of T ∗T . Lemma 2.1 implies that S is a compact
perturbation of identity. Since T ∗T commutes with J , (T ∗T )(L0) = L0 and S can be given as the limit of a sequence
of polynomials in T ∗T , we have SJ = JS and S(L0) = L0. Taking T = US the polar decomposition of T , with
U = T S−1, we see that U(L0) = L and U ∈ Uc(H;J ), as desired. 
Proposition 2.3. The space Gc(L0) is homotopy equivalent to U(∞)/O(∞).
Proof. Consider the differentiable action (2.1). Since the isotropy group at L0 is {U ∈ Uc(H): U(L0) = L0} ≈ Oc(L0),
we conclude that there is a diffeomorphism Gc(L0) ≈ Uc(H;J )/Oc(L0). The spaces Uc(H;J ) and Oc(L0) are homo-
topy equivalent respectively to U(∞) and O(∞) (see [11]), and the result follows. 
If U ∈ U(H;J ) and L ∈ Λ then PU(L) = UPLU∗. This observation will be used in the proof of next theorem, which
describes the topology of Λe.
Theorem 2.4. The canonical map π :Λ → Λe defines a fibre bundle with typical fiber Gc(L0).
Proof. Let L0 ∈ Λ and consider the Calkin algebra C(H) = L (H)/Lc(H). It is proved in [1, Proposition 1.2] that, if
U(C(H)) denotes the unitary elements of C(H) (i.e., u ∈ U(C(H)) if and only if u∗u = uu∗ = 1), then the map
U
(
C(H)
)→ U(C(H)) · [PL0 ],
u → u[PL0 ]u∗
is an analytic principal bundle with structural group {u ∈ U(C(H)): u[PL0 ]u∗ = [PL0 ]}, where [PL0 ] denotes the image
of PL0 by the canonical projection p :L (H) → C(H).
We restrict the structural group to the closed subgroup
G = p({U ∈ U(H;J ): U(L0) = L0}),
obtaining a principal bundle
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(
U(H;J ))→ p(U(H;J )) · [PL0 ],
u → u[PL0 ]u∗ (2.2)
with structural group G. The fiber bundle (2.2) can be rewritten as
Φ :p
(
U(H;J ))→ p(U(H;J )) · [PL0 ] ≈ Λe,
u → [PU(L0)],
where U ∈ U(H;J ) is such that p(U) = u. We will proceed now to an explicit construction of trivializations of
the map π :Λ → Λe. The above formula implies the existence of a neighborhood U ⊂ Λe of π(L0) and of a map
s′ :U → p(U(H;J )) such that Φ ◦ s′ = I . Now, by [1, Proposition 1.7], the map p|U(H;J ) : U(H;J ) → p(U(H;J ))
admits local sections around every point of p(U(H;J )), so, we obtain a neighborhood V ⊂ p(U(H;J )) of I and a
map s′′ :V → U(H;J ) such that p ◦ s′′ = I . Setting s = s′′ ◦ s′ :U → U(H;J ), the map
U × Gc(L0) → π−1(U),([L],L′) → s([L])(L′)
is a local trivialization of π :Λ → Λe, which concludes the proof. 
Using Theorem 2.4, the homotopy long exact sequence, and the contractibility of Λ, we get the following:
Corollary 2.5. There exist isomorphisms πj (Λe) ≈ πj−1(Gc(L0)) ≈ πj−1(U(∞)/O(∞)) for all j ∈ N.
A pair (L0,L1) of Lagrangians of H is said transversal if L0 ∩ L1 = 0 and L0 + L1 = H. The set of all Lagrangians
transversal to L1 is denoted by Λ0(L1). Define
ϕL0,L1 :Λ0(L1) →L sa(L0),
L → PL0JS,
where S : L0 → L1 is the unique linear map whose graph Gr(S) is L, and L sa(L0) denotes the Banach space of bounded
self-adjoint operators in L0. This map is a bijection, and the collection {ϕL0,L1}, where (L0,L1) runs over the set of
all transversal Lagrangians in H, is a real-analytic atlas in Λ which makes it into a Banach manifold modeled on the
space of bounded self-adjoint operators on a Hilbert space. More details can be found in [5,9].
The relations between the notions of Fredholm pair of Lagrangians and of Fredholm self-adjoint operators is
clarified in the following:
Lemma 2.6. Given a pair (L0,L1) of transversal Lagrangians in H and L ∈ Λ0(L1), then (L,L0) is a Fredholm pair if
and only if ϕL0,L1(L) is a Fredholm operator.
Proof. Since kerϕL0,L1(L) = L ∩ L0, we have that dim kerϕL0,L1(L) = dim(L ∩ L0). The inequalities
γ (L0,L1)dist(u,L ∩ L0) dist(u + Su,L ∩ L0) ‖I + S‖dist(u,L ∩ L0),
where γ (L0,L1) is the minimum gap between L0 and L1 (see [7, Chapter IV]), imply that
‖I + S‖−1 ‖PL0JSu‖
dist(u,L ∩ L0) 
dist(u + Su,L0)
dist(u + Su,L ∩ L0)  γ (L0,L1)
−1 ‖PL0JSu‖
dist(u,L ∩ L0) ,
so,
‖I + S‖−1γ (PL0JS) γ (L,L0) γ (L0,L1)−1γ (PL0JS),
where γ (PL0JS) denotes the minimum modulus of PL0JS, as defined in [7, Chapter IV]. In particular, L + L0 is
closed if and only if PL0JS has closed range. The proof is concluded observing that PL0JS is self-adjoint and that
(L + L0)⊥ = J (L0 ∩ L1). 
Since the set of Fredholm self-adjoint operators is open in the space of all self-adjoint operators, Lemma 2.6 tells
us that FL (Λ) is an open subset of Λ.0
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a transversal pair up to a compact perturbation.
Lemma 2.7. If (L0,L1) is a Fredholm pair of Lagrangians then there exists L′1 ∈ Λ, L′1 ∼ L1, such that (L0,L′1) is
a transversal pair.
Proof. Let L2 be a Lagrangian transversal to L1 and L0 and let S ∈L (L0,L2) be such that Gr(S) = L1. By Lemma 2.6,
T = ϕL0,L2(L1) is a Fredholm operator on L0. Defining T ′ = T + PkerT and S′ = (PL0J |L2)−1T ′, we obtain that T ′ is
an isomorphism and that L′1 = Gr(S′) is a Lagrangian transversal to L0. Since S′ is a compact perturbation of S, we
have that L′1 = Gr(S′) ∼ Gr(S) = L1. This concludes the proof. 
Next theorem is the main result of the paper.
Theorem 2.8. There exists a homotopy equivalence FL0(Λ) ≈ Λe ≈ U(∞)/O(∞).
Proof. Consider the restriction χ = π |FL0 (Λ) :FL0(Λ) → π(FL0(Λ)) of the fiber bundle π :Λ → Λe. Since FL0(Λ)
is stable under compact perturbations, the map χ defines a fiber bundle with typical fiber Gc(L0). Lemma 2.7 gives
π(FL0(Λ)) = π(Λ0(L0)). The set Λ0(L0) is homeomorphic to L sa(L⊥0 ) via the map
ϕL⊥0 ,L0
:Λ0(L0) →L sa
(
L⊥0
)
,
L → JS,
where S : L⊥0 → L0 is the linear map whose graph Gr(S) is L, and where L sa(L⊥0 ) denotes the Banach space of bounded
self-adjoint operators in L0. Now, the map
π
(
Λ0(L0)
)× [0,1] → π(Λ0(L0)),(
π
(
ϕ−1
L⊥0 ,L0
(T )
)
, t
) → π(ϕ−1
L⊥0 ,L0
(tT )
)
is well-defined, continuous, and it gives a homotopy between the identity map of π(Λ0(L0)) and a constant map.
Thus, π(Λ0(L0)) is contractible, and the long exact sequence of the fibration χ :FL0(Λ) → π(Λ0(L0)) implies that
there exists a weak homotopy equivalence between FL0(Λ) and Gc(L0). Having this in mind, the proof of the theorem
now follows from [12, Theorem 15] and Proposition 2.3. 
Finally, two more references with related material must be quoted. In [4] the authors provide an alternative descrip-
tion of the Lagrangian–Grassmannian in terms of a principal fiber bundle
ρ : U(H)Fred →FL0(Λ),
with structural group O(H), where U(H)Fred is the space of unitary operators on H (endowed with the complex struc-
ture J ) whose real part is a Fredholm operator.
In [8, Section 2], the authors describe the homotopy type of the space Gr(2)Fred(H) of Fredholm pairs of closed
subspaces of a Hermitian symplectic Hilbert space H, showing that Gr(2)Fred(H) is homotopy equivalent to the group of
unitary operators U on the −i-eigenspace of the complex structure of H such that 1 does not belong to the essential
spectrum of U .
We conclude the paper with a result about the Maslov index for curves in FL0(Λ). Given a continuous curve
γ : [0,1] → Λ0(L1), the Maslov index of γ with respect to L0 is defined as
μL0(γ ) = sf(ϕL0,L1 ◦ γ ),
where sf(ϕL0,L1 ◦ γ ) denotes the spectral flow of the curve of bounded Fredholm self-adjoint operators ϕL0,L1 ◦ γ , as
defined in [13]. A straightforward calculation shows that this definition is independent on the choice of L1, i.e., that
if γ has image in Λ0(L1) ∩ Λ0(L2), then sf(ϕL0,L1 ◦ γ ) = sf(ϕL0,L2 ◦ γ ). The integer valued function γ → μL0(γ ) is
additive by concatenation and invariant by fixed endpoint homotopies. Given any curve γ : [0,1] →FL (Λ), one can0
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image in Λ0(Lj ), for all j = 1, . . . , n. We define the Maslov index of γ with respect to L0 as
μL0(γ ) =
n∑
j=1
sf(ϕL0,Lj ◦ γj ).
Homotopy invariance and concatenation additivity show that the Maslov index is well-defined by the above construc-
tion, and that it gives a homomorphism of the fundamental groupoid2 of FL0(Λ) with Z. For more details about the
construction of the Maslov index, see [5,6,9]. As a simple corollary of Theorem 2.8 we obtain an alternative proof of
a result by B. Booss-Bavnbek and K. Furutani (see [3,6]).
Proposition 2.9. The Maslov index with respect to a fixed Lagrangian L0 is an isomorphism μL0 :π1(FL0(Λ)) → Z.
Proof. By Theorem 2.8, FL0(Λ) is path-connected and π1(FL0(Λ)) = Z, so it suffices to prove that μL0 is surjective.
Given n ∈ Z, choose a loop α in F sa(L⊥0 ) whose spectral flow is equal to n; the curve γ = ϕ−1L⊥0 ,L0 ◦ α is a loop in
FL0(Λ) whose Maslov index is equal to n, as desired. 
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